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Entanglement in Structural Degree of Freedom for Classical Discrete Systems
Koretaka Yuge1
1 Department of Materials Science and Engineering, Kyoto University, Sakyo, Kyoto 606-8501, Japan
By extending the concept of entanglement for quantum systems, we here introduce entanglement in structural
degree of freedom (SDF) for classical discrete systems through considering extra internal SDF into individual
SDF. We provide explicit formulations for systems with two and three degree of freedoms. We demonstrate
that entanglement in SDF can be reasonably characterized by employing singular value decomposition (SVD)
or canonical polyadic decomposition for deviations in CDOS from ideal harmonic system in terms of SDF. We
also employ SVD entropy for scalar quantity to characterize magnitude of entanglement in SDF, whose system-
size dependence should be carefully examined. We also predict that combination of two SDFs with higher
SVD entropy leads to higher uncertainity in structure/potential-energy correspondence in thermodynamically
equilibrium state when one of the two SDF is considered as hidden term, indicating that SVD entropy play
central role for contribution from SDFs to bijection-breaking in thermodynamic average, as well as contain
other significant geometric connections between SDF.
I. INTRODUCTION
Entanglement between considered states can be found for
quantum systems, where the state of entire system G cannot
be represented by direct product of constituent partial sys-
tems, e.g., H 6= HA ⊗HB. Such characteristics is specific to
quantum systems where superposition of states is allowed,
while classical systems do not exhibit such entanglement in
this context, since the state of entire sistem can be repre-
sented by direct product of the partial state on e.g., phase
space, h =
⊗
k hk. Here we extend the concept, introduc-
ing entanglement in structural degree of freedom (SDF) for
classical discrete systems, which directly corresponds to the
fact that configurational density of states (CDOS) for multiple
SDF, g
(
~ξ
)
, cannot be described by tensor product of indi-
vidual contribution, g
(
~ξ
)
6=⊗ f g(ξ f ). Our recent theoret-
ical study reveals that for ideal harmonic system in terms of
SDF whose CDOS is given by multidimentional gaussian, this
entanglement exactly vanishes, i.e., gH
(
~ξ
)
=
⊗
f gH
(
ξ f
)
.
We have shown that thermodynamic average for the harmonic
system is always bijective, which is broken for practical sys-
tems. These facts strongly indicate that entanglement in SDF
should play central role for bijection-breaking in thermody-
namic average, as well as would contain other significant ge-
ometric connections between SDF. We here introduce extra
degree of freedoms into individual SDF, to quantitatively in-
vestigate the structure of entanglement, where explicit formu-
lations for systems with two and three degree of freedoms are
provided. We demonstrate that entanglement in SDF can be
reasonably characterized by employing singular value decom-
position (SVD) or canonical polyadic decomposition for devi-
ations in CDOS from ideal harmonic system. We also employ
SVD entropy for scalar quantity to characterize magnitude of
entanglement in SDF, whose system-size dependence should
be carefully examined.
II. DERIVATION AND CONCEPTS
Let us introduce classical discrete system on lattice under
constant composition with two degree of freedoms, and cor-
responding CDOS is respectively given by φ (x) and ψ (y).
For instance, φ (x) corresponds to one of the basis functions
for generalized Ising system with x represents spin variable
specifying occupation of corresponding element. When we
consider function spaces V ∋ φ and W ∋ ψ , tensor product of
the spaces leads to the standard relationship:
V ⊗W ∋ φ ⊗ψ
=
(
n
∑
i=1
ci · ei
)
⊗
(
m
∑
k=1
dk · fk
)
= ∑
i,k
(ci ·dk)ei⊗ fk
= ∑
i,k
{φ (xi) ·ψ (yk)}ei⊗ fk
∼= A, (1)
where ci,dk ∈ F (F: field), ∼= denotes representational tensor
under defined basis, ei ∈ V and fk ∈ W are canonical basis,
and A is the matrix of
AJL = φ (xJ) ·ψ (yL) . (2)
It is clear from Eqs. (1) and (2) that CDOS for the entire
system, G(x,y), cannot be represented by the tensor product
for function of individual degree of freedom, i.e., G(x,y) 6∼=
∑i,k {φ (xi) ·ψ (yk)}ei ⊗ fk. This is simply due to the fact
that multisite correlation functions cannot be independently
provided, whose characteristics clearly appears for configu-
rational polyhedra. Therefore, in terms of CDOS for SDF,
classical discrete systems are entangled. While CDOS for
the practical discrete systems on lattice cannot be described
by tensor product for individual SDF, we find that CDOS for
ideal harmonic system in SDF can be described by tensor
product with the basis providing diagonal covariance matrix
for CDOS: GH (x,y) ∼= ∑i,k {φH (xi) ·ψH (yk)}ei ⊗ fk. When
we interpret the practical discrete systems as introducing ex-
tra internal SDF to the harmonic system, one of the efficient
2ways for the extra SDF is to extend scalar in tensor product to
vector, namely,
G(x,y)∼= ∑
i,k
{Φ(xi)◦Ψ(yk)}ei⊗ fk, (3)
where
Φ(xi) = (φ1 (xi) , · · · ,φp (xi))
Ψ(yk) = (ψ1 (yk) , · · · ,ψp (yk))
φ1 (xi) = φ (xi) , ψ1 (yk) = ψ (yk) , (4)
and
a(X)◦ b(Y ) =
p
∑
l=1
al (X) ·bl (Y ) . (5)
Here, φl and ψl (l = 2, · · · , p) are introduced extra internal
SDF, corresponding to entanglement for the practical system.
It is thus clear that harmonic system leads to p = 1. We here
choose natural choice of extra SDF by performing singular
value decomposition (SVD) of G(x,y) as 2-order tensor, since
(i) SVD can be applied to any givenmatrix, i.e., Eq. (3) always
holds in this context, and (ii) contribution to entanglement in
SDF can be decomposed in order of its significant correla-
tion based on magnitude relationships among singular values,
where the decomposition is unique if there is no degeneracy.
Although SVD provides the way to investigate entanglement
in SDF, termination of SVD for G(x,y) at first order, i.e.,
largest singular value, does not necessarily correspond to ide-
ally harmonic contribution to SDF. Since we recently reveal
exact formulation for landscape of CDOS for harmonic sys-
tem, GH (x,y), for any given system size and any composition
for multicomponent system, we perform SVD for difference
between G(x,y) and GH (x,y), namely
∆G(x,y) = G(x,y)−GH (x,y)
=
f
∑
k=1
λk (Uk⊗Vk) , (6)
where {λk} is non-zero singular value with λ1 ≥ λ2 ≥ ·· ·λ f .
While f is one of the scalar measure of hierarchical struc-
ture for entanglement in SDF, cotribution from Uk ⊗Vk with
smaller value of λk w.r.t. largest singular value is not expected
to play central role. Therefore, we further introduce another
scalar measure for entanglement, by employing the following
SVD entropy:
S = −
f
∑
r=1
wr lnwr
wq =
λq
∑
f
r=1 λr
. (7)
Above discussions can be extended to the systems with
more than two SDFs. For instance, CDOS of a system with
three SDS, G(x,y,z), can be given by
G(x,y,z) ∼= ∑
i,k,h
{Φ(xi)◦Ψ(yk)◦Γ(zh)}ei⊗ fk⊗ gh, (8)
FIG. 1: Color map of the tensor product of decomposed two vectors
obtained from SVD for 1NN and 2NN pair in harmonic system with
non-diagonal (upper figures) and diagonal (lower figures) covariance
matrix, together with corresponding singular values and entangle-
ment entropy.
where
a(X)◦ b(Y )◦ c(Z) =
p
∑
l=1
al (X) ·bl (Y ) · cl (Z) . (9)
In this case, when canonical polyadic (CP) decomposition can
be uniquely applied to the 3-order tensor of G(x,y,z), we can
decompose entanglement between three SDFs, namely
∆G(x,y,z) = G(x,y,z)−GH (x,y,z)
=
f
∑
k=1
ωk (Uk⊗Vk⊗Wk) . (10)
We demonstrate how the introduced entanglement entropy
(i.e., SVD entropy) in s.d.f for ideal harmonic system and
practical systems behaves. Figure 1 shows color map of
the tensor product of decomposed two vectors obtained from
SVD for 1NN and 2NN pair in harmonic system with non-
diagonal (upper figures) and diagonal (lower figures) covari-
ance matrix, together with corresponding singular values and
entanglement entropy. We can clearly see that entanglement
entropy (EE) depends on the choice of coordination to de-
scribe CDOS. Since EE should be zero for harmonic system,
a set of coordination providing diagonal covariance matrix is
guaranteed to estimate entanglement in s.d.f. Then we esti-
mate system size N (i.e., number of lattice points) dependence
of EE in s.d.f. for practical system, i.e., for 1NN and 2NN
pairs on equiatomic fcc binary system by performing uniform
sampling of configuration space based on Monte Carlo simu-
lation. Here, we consider the SVD area from −2 ·σa to 2 ·σa
(a =1NN or 2NN and σa is standard deviation) where σa can
be analytically given by 1/
√
NDa (Da is number of pair per
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FIG. 2: System-size dependence of entanglement entropy in s.d.f.
for 1NN and 2NN pairs on equiatomic fcc binary system.
site), which means that SVD area itself has N-dependence of
1/(ND) while minimum changes in correlation function de-
creases by 1/N, i.e., number of elements in CDOS for SVD
is proportional to N. Figure 2 shows the resultant EE as an
function of N, which certainly exhibit that EE in s.d.f. is not
a extensive variable in terms of system size, but rather a log-
arithmic behavior. We therefore expect that detailed analysis
of the N-dependence in terms of geometry of underlying lat-
tice should become central key to clarify bijective character of
thermodynamic average for classical discrete systems.
III. CONCLUSIONS
By introducing extra structural degree of freedom to har-
monic system, we propose concept of entanglement in struc-
tural degree of freedom for classical discrete systems. We
demonstrate that corresponding entanglement (and entangle-
ment entropy) can be reasonablly introduced by performing
singular value decomposition or canonical polyadic decom-
position for systems with two and three degree of freedom.
Non-extensive behavior for the entanglement entropy in s.d.f.
is confirmed for pracitical system on periodic lattice.
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